Existence and convergence of the expansion in the asymptotic theory of elastic thin plates 
INTRODUCTION
Elastic bodies exist in the usual three dimensional Euclidian space. In this way, the gênerai équations for the static equilibrium of an elastic body are partial differential équations with the variables in a three dimensional open set (namely : three dimensional model).
However, when the body is for example a thin plate (where the thickness is very small with respect to the other two dimensions), two dimensional models are preferred to the three dimensional models. In this paper we consider a three dimensional rectangular elastic plate with periodic boundary conditions on the latéral surface. We carry out an asymptotic expansion of the three dimensional solution engendering the two dimensional model of periodic thin plates. The aim of this paper is to study the existence and the convergence of this expansion.
The idea of using an asymptotic expansion for obtaining two dimensional models of elastic thin plates was developed about thirty years ago [12] , [13] . In the first half of this century these two dimensional models were only performed according to a priori assumptions regarding the variation of the unknowns across the thickness of the plate (for example the Love-Kir chhoff assumption). Afterwards, the asymptotic expansion method (developed by Lions [8] for partial differential équations) was applied to plates by Ciarlet and Destuynder [3] to justify the usual linear model of thin plates. Then, Ciarlet [2] justifïed von Karman équation which is the most popular non linear model of thin plates. More recently, Ciarlet and the author [5] have justifïed the Marguerre von Karman équation for shallow shells.
The above method employs an asymptotic expansion of the three dimensional solution using the thickness of the plate as the small parameter. Then it can be shown that the two dimensional model sought may be identifled with the leading term of this expansion. One other merit of this method, in the linear case, is that we can show how the three dimensional solution does indeed converge to the leading term of the expansion when the thickness vanishes. This proof w<:s given by Destuynder [6] , [7] , Ciarlet and Kesavan [4] and Raoult [11] .
In the non linear case, the problem is the absence of an efficient theorem for the existence of the solution to the three dimensional problem (although, in [10] , there is a theorem which, unfortunately, is not used for this application). However, if the asymptotic expansion exists and converges for a fîxed value of the thickness, the limit will be a three dimensional solution. But, does the asymptotic expansion converge ? We think this is the first question we must study to have any chance of proving the convergence of the three dimensional non linear solution to the leading term of the expansion when the thickness vanishes.
In the first place, this problem must be solved in the simplest case which is the linear one. In this paper, we can see how such a convergence holds for linear periodic rectangular plates. It is shown that every term of the expansion exists if the applied forces are smooth and periodic. Moreover the expansion converges if the product of the maximum frequency of the applied forces (assumed to be trigonométrie polynomials) and the halfthickness of the plate is small enough.
Let us briefly note the contents of this paper.
In Section 2, we recall the basic équations of a thick periodic rectangular elastic plate with half-thickness e >» 0. These équations consist of linear The unknowns of the problem are the stress and the displacement which are vector flelds. Using the classical Brezzi lemma, we see that this problem has an unique solution in a given Hubert space if the applied forces are smooth enough.
In Section 3, we use the method given in [3] to study the dependence on E of the solution. We transform the basic problem into a problem over a domain which is independent of E. Hence, the parameter e appears explicitely in the équations of this new problem.
In this way, the asymptotic expansion is formally written in Section 4. Each term of the expansion vérifies given équations and the leading term may be identified with the solution of the two dimensional periodic thin plates model The first result of this paper is that, under periodicity and smoothness (C 00 ) assumptions, every term of this expansion exists and is also smooth (Theorem 1).
Next, the convergence of the expansion is studied in Section 5 where the second result of this paper is stated in Theorem 2. It is shown that the expansion converges in a convenient Sobolev space if the applied forces are trigonométrie polynomials of frequency less than or equal to K (a positive integer) and if the half-thickness e of the plate satisfîes the inequality eK< Q (where Q =» 0 is a constant).
In Section 6, it is concluded that, when the applied forces can be expanded in Fourier series, for a fixed value of the half-thickness e, there is an order of frequency K(e) such that the expansion does converge if (and only if) we eliminate the term with frequency greater than ^.(s) in the Fourier expansion of the applied forces.
Let us first review some of the notations used in this paper :
• A is a set, 9^4 its boundary, A~ its closure.
• m R" is the space of n dimensional real vectors.
• S n is the space of n x n real symmetrie matrices. • S m is the space of n x n complex symmetrie matrices.
• The partial derivative -is denoted 9^.
• As a rule ? Greek indices <x, p, jx,..., belong to the set {1, 2}, while Latin indices i,j,k 7 ..., belong to the set {1, 2, 3}. The repeated index vol. 25, n s 3, 1991 convention is systematically used in conjunction with the above raie. For instance :
.?.
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• Finally, in Section 4, we will let : where the constants £" and v are, respectively, the Young Modulus and the Poisson coefficient of the homogeneous elastic material constituting the plate (E > 0, 0 < v <: 1/2) and (*) dénotes that summation on a is not taken.
To obtain the variational formulation of équations (1), it is convenient to introducé the following displacement space :
and the stress space
Then the boundary value problem (1) is formally equivalent to the variational problem
, f <r y a.w, rfx = f fïv t dx+ \ Q\v x aT .
As a conséquence of the Korn's inequality, and the Brezzi's lemma [1] , the solution of this problem exists and is unique in the space X e x W e , where : Of course, the solution dépends on e. This dependence will be noted in the next section.
TRANSFORMATION INTO A PROBLEM OVER A DOMAIN INDEPENDENT OF e
Using the function F:
we transform the problem (2) into a problem on the fixed set :
be the faces of Cl, where n(x) is the unit outer normal vector to the boundary F at the point x.
Foliowing Ciarlet and Destuynder [3] , we assume that : where the forms j^0, sé l9 s/ A , M and J^ are defined as follows : where Ç = (£ f ) only dépends on x' = (x x , x 2 ) e co and vérifies the two dimensional équations of periodic thin plates (no summation on a in équations (*)) :
where : Since the boundary conditions are periodic it will be shown that the boundary layer phenomenon can be deleted when the applied forces verify the following assumptions.
A « periodic function » <p means a function <p which is 1 -periodic with respect to the variables x x and x^ that is to say, . In the second step we will use the result of the first step to prove the second part of the theorem. Using the Korn's inequality (with T y = b t Uj + B ; Wj) and (10), the first variational equaiity gives u -0. The second one merely gives the partial differential équations (cr a3 = <r 3a ) : Obviously, the solution a a3 = a 33 = 0 of the above system is unique. ii) We will prove the existence of the vector-valued function X = (£/, S) with Ue C co (R 2 x [- 
We notice that (16) and (17) may be explained by the équations (7) and (8) To complete this step, we must compute the functions cr a3 and 033. Taking the second équation in (9) into considération, they are solutions of the équations : Proof: We introducé the séquence {(T", V 11 )} :
T" = <r e -
= K e -
Using the définition (3) of the solution (a e , u z ) and the définitions (5)-(6) of the terms (o*, u p ) the séquence {(T", *>")} n6 W must verify the following variational equalities : Following the method introduced in the proof of Theorem 1 (see (11) , (12) and (18), with T" 3 = S i3 , Q = P = 0), a simple computation gives (see (24)) is not quasinilpotent and therefore the séquence {T n ' k } n .. does not converge to zero if the product e . \k\ is not small enough. But, at present, we do not have a rigorous proof to this fact. We only have a numerical test where we can see the convergence exactly when e . \k\ is small enough. (In fact, if E . |A:| is not small enough, the divergence is very quick !) This phenomenon will be published elsewhere.
Finally, we point out that Theorems 1 and 2 hold in the particular case of a plate with sliding edges defmed by the condition n x v t = 0 on TQ where v = (v t ) is the displacement vector field [9, Chapter V], We omit the proof, but merely mention that one introduces the symmetry S a in R 3 with respect to the plane x a = 0, the group of symmetries Sf = {/, S l9 S 2i S x S 2 } and the applied forces which are 5^-invariant. (See [10, Section 6] .)
